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Earth Science Modeling Framework

A software framework for building and coupling multi-component
climate, weather, data assimilation and other Earth science
applications.
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Parallel Rendezvous
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Example ESMF grids

We wish to compute a regridding operator from source to
destination grid,

computed in parallel.
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Example ESMF grids

We wish to apply this regridding operator to our ESMF Array
objects,

as an ef�cient sparse matrix multiply operation.
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Example ESMF grids

We also wish to enable mesh <-> mesh and mesh <-> grid
interactions
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Load in balance problem

The interpolation problem is by nature geometric, but the grid
decomposition is not necessary so
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Load in balance problem

The interpolation problem is by nature geometric, but the grid
decomposition is not necessary so

Standard bounding box search methods may fail; In the worst
case, the entire source mesh may be shipped to one processor!
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A Geometric solution

We construct a new partition for each mesh such that the
portions of each mesh on a given processor are geometrically
collocated!
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A Geometric solution

We construct a new partition for each mesh such that the
portions of each mesh on a given processor are geometrically
collocated!

Also, the union of meshes is load balanced!
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Non-regular decompositions

Representing the meshes in the Rendezvous decomposition is a
challenge since, in general, the meshes will not have a regular
decomposition in this space.
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Non-regular decompositions

Representing the meshes in the Rendezvous decomposition is a
challenge since, in general, the meshes will not have a regular
decomposition in this space.

We need a representation for such
decompositions–unstructured grids.
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Computing the regrid matrix

We represent the complete regrid matrix computation with a
commutative diagram:
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Computing the regrid matrix

We represent the complete regrid matrix computation with a
commutative diagram:

For mesh <-> mesh computations we have

SrcR
C����! Dst R

A

x
?
? B

x
?
?

Srcs
I����! Dst d

Where C is the serial regrid matrix computation.
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Computing the regrid matrix

We represent the complete regrid matrix computation with a
commutative diagram:

However, grid <-> grid requires we manifest the appropriate
mesh

SrcR
C����! Dst R

A

x
?
? B

x
?
?

SrcGs ! Srcs
I����! Dst d  DstG d

C is the serial regrid matrix computation.
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Rehosting the weights

Once we have the regrid weight matrix it is shipped to the
appropriate parallel decomposition for either declaring a Sparse
Matrix Multiply engine or for striping to a netcdf �le using
pnetcdf.
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Rehosting the weights

Once we have the regrid weight matrix it is shipped to the
appropriate parallel decomposition for either declaring a Sparse
Matrix Multiply engine or for striping to a netcdf �le using
pnetcdf.

This rehosting is accomplished using a Distributed directory. We
declare how we wish the matrix rows to be distribute by
declaring the desired indices on each processor.

A lookup into the result directory provides a migration pattern,
which is then executed using a Migration object. We use generic
programming techniques to implement this migration.

The object to redistribute delcares a Migration Trait class, which
provides such as necessary actions such as pack, unpack,
get_id, .... The mechanics of transposing the object are then
automated by the Migrator.
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Spherical Interpolation
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Global Interpolation

Global interpolation to and from spherical grids is ill de�ned as a
two dimensional problem, as it is usually solved.
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Global interpolation to and from spherical grids is ill de�ned as a
two dimensional problem, as it is usually solved.

Branch cuts in each grid complicate search algorithms.
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Global Interpolation

Global interpolation to and from spherical grids is ill de�ned as a
two dimensional problem, as it is usually solved.

Branch cuts in each grid complicate search algorithms.

The pole singularity is not handled correctly
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Generalization is 3D

The best generalization of the various representations of the
sphere?
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Generalization is 3D

The best generalization of the various representations of the
sphere?

We represent these grids a two dimensional manifold in 3-space.
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The Search algorithm

Once the grids are in geometric rendezvous, we must correlate
a set of destination interpolation points with their enclosing
source host cells.
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The Search algorithm

Once the grids are in geometric rendezvous, we must correlate
a set of destination interpolation points with their enclosing
source host cells.

We use a 3 dimensional octree search to �nd candidate cells
whose bounding box encloses each point.
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The Search algorithm...

To conclude the search, we utilize the concept of a mapping
from parametric to physical space
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The Search algorithm...

To conclude the search, we utilize the concept of a mapping
from parametric to physical space

We invert our mapping by �rst adding an independent direction
and then apply Newton's method.

Fn (�; �; d ) = F (�; � ) + dn (�; � )
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Pole/Extrapolation issues

We propose unique solutions to pole and extrapolation regrid
dif�culties
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Pole/Extrapolation issues

We propose unique solutions to pole and extrapolation regrid
dif�culties

Example, Holes at the pole (regular lat/lon and POP grids)
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Pole/Extrapolation issues

We propose unique solutions to pole and extrapolation regrid
dif�culties

We triangulate the area and introduce a constrained degree of
freedom at the pole.
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Pole/Extrapolation issues...

Given this constrained degree of freedom, we form the
interpolation matrix ~M in the usual way (e.g. bi-linear/tri-linear
interpolation).
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interpolation).

We form the constraint matrix C, which describes how �eld
values at the pole (or other constrained nodes) are to be
manufactured from the true degrees of freedom.
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Pole/Extrapolation issues...

Given this constrained degree of freedom, we form the
interpolation matrix ~M in the usual way (e.g. bi-linear/tri-linear
interpolation).

We form the constraint matrix C, which describes how �eld
values at the pole (or other constrained nodes) are to be
manufactured from the true degrees of freedom.

We �nally reduce out the constraints, forming the �nal
interpolation matrix M = ~MC .

This approach can also work on grid boundaries, where data
may not be available for all cell nodes; one only need provide a
suitable extrapolation constraint matrix, C.
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Patch Recovery Interpolation

David Neckels, NCAR – p.19/29



Patch based interpolation

We form the interpolant at � using polynomials based on the
node patches of the encompassing cell:
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Patch based interpolation

We form the interpolant at � using polynomials based on the
node patches of the encompassing cell:
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Patch based methods,...

On each patch we sample the source function at a set of sample
points (usually quadrature points) 4 , using local bi-linear
interpolation if necessary.

Call these samples si at (local 2D) coordinates pi .
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Local polynomial approximation

We �t a tensor product polynomial through these values, solving
for the polynomial coef�cients c

min
c

X

i

(Q(c; pi ) � si )
2
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Local polynomial approximation

We �t a tensor product polynomial through these values, solving
for the polynomial coef�cients c

min
c

X

i

(Q(c; pi ) � si )
2

Which yields the least squares system A> Ac = A> s and
Q(p) = b(p)T (A> A) � 1s where b is the vector of the polynomial
basis functions evaluated at the sample points.
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Local polynomial approximation

We �t a tensor product polynomial through these values, solving
for the polynomial coef�cients c

min
c

X

i

(Q(c; pi ) � si )
2

Which yields the least squares system A> Ac = A> s and
Q(p) = b(p)T (A> A) � 1s where b is the vector of the polynomial
basis functions evaluated at the sample points.

On a manifold, the local coordinates pi may either be full 3D
coordinates, or the coef�cients of the co-space of a reasonable
normal.
This avoids pole type singularities in the patch algorithm (i.e.
don't use lat/lon).
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Blending the patches

We use any partition of unity on the cell to blend the patches for
a value F (x) =

P
j  j (x)Q(x), for instance the bi-linear basis.
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Blending the patches

We use any partition of unity on the cell to blend the patches for
a value F (x) =

P
j  j (x)Q(x), for instance the bi-linear basis.

Explicitly, accounting for the local coordinate system p = L(x)
and the bi-linear interpolation to sample locations s = � f , the
interpolant is a linear function of the coef�cients f on this
enlarged stencil,

F (x) =
X

j

�
 (x)

�
b� L (x)

� > (A> A) � 1�
�

j f
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Some results from interpolation theory

Interpolating a function f (x) into the space of continuous
piecewise polynomial functions of order p on a discretization Th ,
with cell diameters h, using exact values of f at the nodes yields
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Some results from interpolation theory

Interpolating a function f (x) into the space of continuous
piecewise polynomial functions of order p on a discretization Th ,
with cell diameters h, using exact values of f at the nodes yields

jjD m (f � I f )jjL 2 � Ch(p+1) � m jjD p+1 f jjL 2

i.e. for bi-linear interpolation

jj f � I f jjL 2 � Ch2jjD 2f jjL 2

and
jjr (f � I f )jjL 2 � ChjjD 2f jjL 2

Smoothness is required, at least of weak derivatives jjD 2f jjL 2 .
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An experiment

We perform a convergence study for the analytic function

f (x; y) = (1 � xy) sin 3�x cos 2�y )

on the unit square using patch and bi-linear interpolation.
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An experiment

We perform a convergence study for the analytic function

f (x; y) = (1 � xy) sin 3�x cos 2�y )

on the unit square using patch and bi-linear interpolation.

Exact
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An experiment

We perform a convergence study for the analytic function

f (x; y) = (1 � xy) sin 3�x cos 2�y )

on the unit square using patch and bi-linear interpolation.

Bilinear
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An experiment

We perform a convergence study for the analytic function

f (x; y) = (1 � xy) sin 3�x cos 2�y )

on the unit square using patch and bi-linear interpolation.

Patch
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Results

We compute the L 2 error on a super �ne grid.
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Results
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Rates are P = 3 :14; B = 1 :96; r P = 2 :01; r B = 1 :01.
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A real wind �eld

We compare interpolation methods on realistic wind data
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A real wind �eld

We compare interpolation methods on realistic wind data

The exact wind �eld ( jUj)
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A real wind �eld

We compare interpolation methods on realistic wind data

The bi-linear interpolant
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A real wind �eld

We compare interpolation methods on realistic wind data

The patch interpolant
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Curl of the real wind �eld

We compare interpolation methods on realistic wind data
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We compare interpolation methods on realistic wind data
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Curl of the real wind �eld

We compare interpolation methods on realistic wind data
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Curl of the real wind �eld

We compare interpolation methods on realistic wind data

The patch interpolant
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